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In this paper, we derive the Bekenstein-Hawking entropy by considering a Non-Commuting two
dimensional quantized space, and we will show that the Bekenstein-Hawking entropy is valid for the
system (black hole) in an equilibrium state. In addition, by using the entropy was obtained, we derive
the Einstein and Newton gravity equation, and finally we get an equation that is consistent with
the previous results. In other words, we want to show that by using the statistical mechanics and
quantization of space and the excitation of space quanta, can be obtained the Einstein and Newton
gravity equation. In general, we try to show that the all equation of gravity and thermodynamics
of gravitational systems have quantum and statistical origin.
PACS numbers:
The study of black body radiation thermodynamics by
Plank, Einstein, and Boltzmann in the late nineteenth
and early twentieth centuries led to the formulation of
quantum mechanics. Furthermore, at the same time,
Einstein formulated the special and general relativity.
Although, both of these theories had many achievements
but, when we want to combine the two theories to have
a unique theory to describe the world, we get a series of
mathematical inconsistencies. Historical experience tells
us, maybe thermodynamics can solve this problem. The
relation between gravity and thermodynamics of gravita-
tional systems was introduced by Hawking, Bekenstein,
and others between the years of 1972 and 1985 in a series
of papers [1–17]. And in another case, Jacobson tried
to derive Einstein’s equations of gravity from the pro-
portionality of entropy and horizon area together with
the Clausius equation [18]. Or in 2011 Verlinde derived
the Einstein and Newton equation of gravity from the
concept of entropic force [19]. Besides, in the past few
decades, many people have tried to solve mathematical
inconsistencies in other ways, and many theories have
been developed to solve this problem. Two of the most
successful of these theories are string theory and loop
quantum gravity. Also, the holographic principle was
presented by Hooft [20] and Susskind [21], Paved the
way for a series of advanced studies on gravity and other
forces, for example With the Maldacena work in 1998[22],
theoretical physics has experienced a major change. In
addition to the work done to understand the nature of
gravity, many people also tried to understand the origin
of the black hole entropy. For example, In 1996 Rovelli
tried to obtain the Bekenstein-Hawking entropy by using
loop quantum gravity, and The equation that was ob-
tained for the entropy of black holes was only different
in one coefficient from Bekenstein-Hawking entropy [23]
(In addition to Rovelli ’s paper, several papers have been
written about the relationship between quantum grav-
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ity and black hole entropy) [24–26]. Along with Rovelli,
in 1996 Vafa and Strominger attempted to obtain the
Bekenstein-Hawking entropy by using a model of string
theory [27]. Apart from the work has been done to un-
derstand the nature of the entropy of black holes, in this
paper we want to know how to obtain black hole entropy
by quantization of space. To do this by following the pro-
cedure provided in reference[28]. We can get the area of
space quantas, with the help of the operator of creation
and annihilation and assuming that our two-dimensional
space is Non-Commuting.
An = 2~Θ(n+
1
2
) (1)
In this equation, n is assumed to be the number of quan-
tities of space. In paper [29] the authors have assumed
that n has the concept of state number rather than space
quantities. (Similar to a simple harmonic oscillator where
n represents the energy states of the system and the sys-
tem is set to n = 0 at the ground state and by receiving
energy, it climbs to higher modes). And with the help of
Eq .(1), they tried to find the equations governing grav-
ity. The main idea of the authors in paper [29], was to
assume by inserting some energy or mass into the space,
its quantas would become excited and since the quantum
of space is excited by energy on space, so there must be a
direct relationship between the energy absorbed by space
quanta and Eq .(1) . Which in the paper [29], the authors
have written this Relationship as (En = αAn, α = κΩ)
(κ is an unknown dimensionless constant, and Ω is a con-
stant to set the dimension).In the following, we will take
a brief description of the article [29], and then we will
use these calculations to obtain the Bekenstein-Hawking
entropy. The average area of space quanta is obtained
from the following equation:
〈A〉 =
∑∞
n=0Ane
−βAn∑∞
n=0 e
−βAn (2)
Since in Eq .(2) the dimension of An is area and the
argument (βAn) is dimensionless, the dimension of β
2should be the inverse of area. For this reason, we define
β = α
kBT
, where T and kB are respectively the system
temperature and the Boltzmann constant. It should be
noted that in Eq .(2), the quantity
∑∞
n=0 e
−βAn is the
partition function of the system. With some simplifica-
tion, we can written the Eq .(2) as follows:
〈A〉 = ~Θ
(
1 +
2
e2β(~Θ) − 1
)
(3)
We assume no interaction between space quantas, there-
fore, we can write the following relation between the total
area of N quanta and the average area of each quanta.
A0 = N〈A〉 (4)
As stated, it was assumed that the each quanta of space
did not interact with each other, and so the partition
function of the whole system is calculated as follows:
Z = (Z1)
N =
( e−β~Θ
1− e−2β~Θ
)N
(5)
By using the partition function, the entropy of system
can be written as:
S = (
kBc
3A0
~G
)γ(T ) (6)
Where γ(T ), is defined as (Tp is Planck temperature):
γ(T ) = (
b
T
−∆), (b = κTp) (7)
∆ = (
e
b
T − 1
e
b
T + 1
)
ln(e
b
T − e−bT ) (8)
It can be shown that in Eq .(6), if we set the tempera-
ture to zero(T → 0) , at the same time, entropy tends
to zero(S → 0). Besides, the entropy of Eq .(6)) is
a function of temperature and area, in contrast to the
Bekenstein-Hawking entropy of black holes, which is only
a function of the area. But is there a connection between
these two entropies? It may be possible to obtain the
Bekenstein-Hawking entropy by using the Eq .(6), which
we will discuss in the following. In the beginning, we
will maximize Eq .(6) for temperature (Assuming A0 are
constant or independent of the temperature):
∂S
∂T
= 0⇒ T = κTp
ln(
√
5+1
2 )
(9)
If we put the temperature expression in Eq .(9) to Eq
.(6), the maximum entropy is obtained, which is only a
function of surface area:
Smax = (
kBc
3A0
~G
)ln(
√
5 + 1
2
) (10)
The entropy of the Eq .(10) is very similar to the
Bekenstein-Hawking entropy, the only difference between
the two equations is the coefficient of Eq .(10) (ln(
√
5+1
2 ))
rather than the coefficient (14 ) in the Bekenstein-Hawking
entropy. Though the value of the maximum entropy co-
efficient, is very near to the Bekenstein-Hawking entropy
coefficient.
ln(
√
5 + 1
2
) ≃ 1
2
⇒ Smax ≃ (kBc
3A0
2~G
), (11)
And in other words, we have been able to obtain the
Bekenstein-Hawking entropy, through, the quantization
of space and the idea of space quanta excitation. Now,
the question that comes to mind is: what is the origin
of this entropy? And, why black holes have entropy? If
the entropy of the Eq .(10) is the entropy of the black
hole event horizon, then it can be said that the origin of
the entropy is the excitation of space quantas, shown in
Eq .(1). In other words, when some energy is in space,
this energy is distributed between the quanta of space,
but since space quantas are excited, so energy can be di-
vided in different ways between space quantas. And if
we can count the number of these methods we can calcu-
late the system entropy, so the source of the black hole
entropy is our lack of awareness of the number of states
that space quantas can take in the presence of some en-
ergy. For example, suppose some energy enters the black
hole’s horizon, so each quantas of the event horizons will
be excited, but we do not know to what extent they
are aroused (Each of the space quantities can move from
their basic state (n = 0) to the excited state distributed
n = 1, 2, 3, ...). So with these descriptions, we should
have entropy for the black hole event horizon and more
generally for space-time. In the above equations, we show
that if we maximize Eq .(6) for temperature, we arrive
at the Eq .(10) which is very similar to the Bekenstein-
Hawking entropy. We know from thermodynamics and
statistical mechanics, a system is in equilibrium state
when it is at its maximum entropy, so the entropy of Eq
.(11) predicts a system that is in thermodynamic equilib-
rium. In other words, the Bekenstein-Hawking entropy is
valid only for a system that is in thermodynamic equilib-
rium. Further, Jacobson in 1995 showed that Einstein’s
gravity equation can be obtained from thermodynamic
equilibrium with the help of Clausius equation, the full
details of Jacobson’s calculations can be found in [18].
Jacobson used the Bekenstein-Hawking entropy and by
incorporating the Bekenstein-Hawking entropy into the
Clausius equation
SBH = (
kBc
3A0
4~G
)→ ∂s = ∂Q
T
(12)
whereA0 is the area of the horizon,
∂A0 = −
∫
λRabk
akbdλdA (13)
∂Q = −
∫
λTabk
akbdλdA (14)
3And by doing a series of calculations obtained the Ein-
stein field equation.
Rab − 1
2
gabR+ Λgab =
8piG
c4
Tab (15)
Now, if we incorporate the entropy function in Eq .(11)
instead of Bekenstein-Hawking entropy into Clausius
equation, we get the following equation for gravity
Rab − 1
2
gabR+ Λgab =
4piG
c4
Tab (16)
The only difference between Eq .(15) and Eq .(16) is in
right-side coefficient of the equations. Now if we expand
the Eq .(16) for weak fields, we get the following equation:
F =
GmM
2r2
(17)
This equation is the same as with the equation that ob-
tained in [29], (in paper [29] the author derive Equation
.(17) from quantization of space and for classical systems
(~ → 0) ). And here we get the same equation again by
maximizing the entropy of Equation .(6). The coefficient
of the entropy in Equation .(11) and Newton’s gravity
equation .(17), shows that if we take twice value of 〈A〉
in Eq .(4) instead of 〈A〉, the problem of the coefficient
(12 ) in Equation .(11) and Equation .(17)(and in paper
[29]) is solved,
A0 = 2N〈A〉 (18)
Thus, we get to the following equations:
F =
GmM
r2
(19)
Smax = (
kBc
3A0
2~G
)ln(
√
5 + 1
2
) ≃ (kBc
3A0
4~G
) (20)
Next, we have to compute the error of two entropy equa-
tions, and we will shows that the value of maximum en-
tropy is very close to the Bekenstein-Hawking entropy,
error =
SBH − Smax
SBH
= 0.037 (21)
where
ln(
√
5+1
2 )
2
= 0.2406 ≈ 1
4
= 0.2500 (22)
0.2500− 0.2406 = 0.0094 (23)
And finally, we receive to a sharp and beautiful analogy:
Smax = SBH (24)
In summary, our calculations show that the space quan-
tas excitation can be the source of gravity or in other
words, gravity is nothing but the space quantas excita-
tion.
I. CONCLUSION
Studying the black hole thermodynamics and find-
ing the origin of the black hole entropy is one of the
most popular topics in the current era. The purpose
of this paper is to present a very simple and efficient
method for deriving The Bekenstein-Hawking entropy.
And we showed that by maximizing the entropy of two-
dimensional space, can reach the Bekenstein-Hawking en-
tropy. On the other hand, our calculations show that
the excitation of space quanta at the microscopic scale
causes gravity at the macroscopic scale and so, gravity
is a quantum mechanics phenomenon. Summarizing, the
above calculations show that issues such as the origin of
the black hole entropy and the cause of space-time bend-
ing have the same origin.
[1] S. W. Hawking, Black hole explosions?, Nature, vol. 248,
no. 5443, p. 30, 1974.n.
[2] Hawking, S.W. Commun.Math. Phys. (1975) 43: 199.
https://doi.org/10.1007/BF02345020,
[3] S. W. Hawking, Black holes in general relativity, Com-
mun. Math. Phys. 25, (1972), 152166.
[4] Bardeen, J.M., Carter, B. Hawking, S.W.
Commun.Math. Phys. (1973) 31: 161.
https://doi.org/10.1007/BF01645742
[5] W. Israel, Thermo field dynamics of black holes, Phys.
Lett. A 57, (1976), 107110.
[6] J. D. Bekenstein, The quantum mass spectrum of the
Kerr black hole, Lettere al Nuovo Cimento (1971-1985),
vol. 11, no. 9, pp. 467470, 1974.
[7] J.D. Bekenstein, Generalized Second Law of Thermody-
namics in Black-Hole Physics, Phys. Rev. D9,3292-3300
(1974).
[8] J. Bekenstein, Phys. Rev. D 12 (1975) 3077.
[9] J. D. Bekenstein, Black holes and entropy, Physical Re-
view D, vol. 7, no. 8, p. 2333, 1973.
[10] Bekenstein, J.D. Lett. Nuovo Cimento (1972) 4: 737.
https://doi.org/10.1007/BF02757029,
[11] R. M. Wald, On particle creation by black holes, Com-
mun. Math. Phys.. 45, 934. (1975).
[12] J. B. Hartle and S. W. Hawking, Path integral deriva-
tion of black hole radiance, Phys. Rev. D 13, (1976),
21882203.
[13] W. G. Unruh, Notes on black hole evaporation, Phys.
Rev. D 14, (1976), 870892
[14] W. G. Unruh, Experimental black hole evaporation,
Phys. Rev. Lett. 46, (1981), 13511353.
[15] D. N. Page, Particle emission rates from a black hole:
massless particles from an uncharged, nonrotating hole,
Phys. Rev. D 13, (1976), 198206.
4[16] N. D. Birrell and P. C. W. Davies, Quantum fields in
curved space (Cambridge University Press, Cambridge,
1982).
[17] P. C. W. Davies, The thermodynamic theory of black
holes, Proc. R. Soc. Lond. A. 353, 499521, (1977)
[18] T. Jacobson, Thermodynamics of spacetime: the einstein
equation of state, Physical Review Letters, vol. 75, no. 7,
p. 1260, 1995
[19] E. Verlinde, On the origin of gravity and the laws of
Newton, Journal of High Energy Physics, vol. 2011, no.
4, p. 29, 2011.
[20] G t Hooft, Dimensional Reduction in Quantum Gravity,
Utrecht Preprint THU-93/26, gr-qc/9310006.
[21] L. Susskind, The World As A Hologram, J. Math. Phys.
36 (1995) 6377.
[22] J. Maldacena, The Large-N Limit of Superconformal
Field Theories and Supergravity, Int. J. Theor. Phys. 38,
1113 (1999).
[23] C. Rovelli Phys. Rev. Lett. 77, 3288 (1996);
[24] Daniele Oriti, Daniele Pranzetti, and Lorenzo Sindoni,
Horizon Entropy from Quantum Gravity Condensates,
Phys. Rev. Lett, Vol. 116, Iss. 21 27 May 2016.
[25] Corichi, Alejandro, Jacobo Daz-Polo and Enrique
Fernndez-Borja. Quantum geometry and microscopic
black hole entropy. (2007).
[26] A. Ashtekar, J. Baez, A. Corichi, and K. Krasnovi, Quan-
tum Geometry and Black Hole Entropy, Phys. Rev. Lett,
Vol. 80, Iss. 5 2 February 1998
[27] A. Strominger and C. Vafa, Phys. Lett. B379 (1996) 99,
hepth/9601029.
[28] J. M. Romero, J. Santiago, and J. D. Vergara, Note about
the quantum of an area in a noncommutative space,
Physical Review D, vol. 68, no. 6, p. 067503, 2003.
[29] R. Hassannejad and S. N. Mousavi, Deriving Einsteins
Field Equation(EFE) and Modified Gravity by Statistical
Mechanics and Quantization of Non-Commuting Spaces,
arXiv preprint arXiv:1810.12648, 2019
